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By applying a microscopic gauge-invariant kinetic theory in d-wave superconductors, we analyti-
cally derive the energy spectra of the breathing Higgs mode and, in particular, rotating Higgs mode
that is unique for the d-wave order parameter. Analytical investigation on their dynamic properties
is also revealed. We show that the breathing Higgs mode is optically visible in the second-order
regime. Whereas the rotating Higgs mode is optically inactive, we show that this mode can be de-
tected in the pseudogap phase by magnetic resonance experiment. It is interesting to find that with
a longitudinal temperature gradient, the charge-neutral rotating Higgs mode generates a thermal
Hall current by magnetic field in the pseudogap phase, providing a unique scheme for its detection.
PACS numbers: 74.40.Gh, 74.25.N-, 74.25.Gz
Introduction.—In the past few decades, collective ex-
citation in the field of superconductivity has attracted
much attention. Due to the angular and radial exci-
tations in the Mexican-hat potential of free energy [1],
two types of the collective excitations emerge: Nambu-
Goldstone [2–7] and Higgs [8–11] modes, which describe
the phase and amplitude fluctuations of the supercon-
ducting order parameter respectively. These modes are
decoupled in equilibrium state as they represent mutu-
ally orthogonal excitations [1]. The Nambu-Goldstone
mode corresponds to gapless Goldstone boson due to the
spontaneous breaking of continuous U(1) symmetry by
order parameter [4, 5]. For the Higgs mode, theoret-
ical studies in conventional s-wave superconductors re-
veal an excitation gap at long wavelength, twice of the
superconducting gap [1, 8]. Whereas being charge neu-
tral and spinless, this mode has long been experimentally
elusive. Until recently, thanks to advanced ultrafast ter-
ahertz pump-probe technique, the Higgs mode in con-
ventional superconductors has been observed from the
optically excited oscillation of the superfluid density in
second-order regime [12–15]. The most convincing evi-
dence comes from the triggered resonance at the optical
frequency which equals to superconducting gap [13–15].
The Higgs mode has since stimulated a lot of experimen-
tal interest in a variety of contexts, extending to uncon-
ventional superconductors. Particularly, recent experi-
ments in cuprate superconductor reported similar oscil-
lation of superfluid density in the second-order optical
response [16–18], indicating the observation of the Higgs
mode in high-Tc superconductors.
Despite experimental activity, the theoretical descrip-
tion of the Higgs mode in high-Tc superconductors re-
mains wide open [19, 20]. In high-Tc superconductors,
a finite amplitude of the order parameter persists up to
T ∗, which is well above Tc [21–25], indicating the ex-
istence of the Higgs mode not only in superconducting
phase but also in pseudogap one. Moreover, compared
with the s-wave case, the high-Tc superconductivity with
the d-wave order parameter and hence the lower rotating
symmetry supports the additional Higgs modes. Early
symmetry analysis revealed the existence of the breath-
ing and rotating Higgs modes [19], which for the case of
dx2−y2-wave order parameter correspond to dx2−y2-wave
and dxy-wave amplitude fluctuations, respectively. The
breathing Higgs mode is expected to be similar to con-
ventional s-wave Higgs mode, whereas the rotating one
is unique. Recent experiment in cuprate superconductor
has reported that the direction of the order parameter
detaches from that of lattice [26]. A detectable response
of rotating Higgs mode to the external probe is therefore
expected. Nevertheless, the energy spectra and dynamic
properties for both Higgs modes in d-wave superconduc-
tors are still unclear in the literature. Considering the
growing experimental findings, a full theoretical investi-
gation on these modes becomes imperative.
In this Letter, we use the microscopic gauge-invariant
kinetic equation (GIKE) approach [27, 28] to investigate
the Higgs modes for d-wave order parameter. For the
first time, we provide the analytic expressions for en-
ergy spectra of both breathing and rotating Higgs modes.
Then, investigation on their dynamic properties is pre-
sented. The breathing Higgs mode is optically visible in
the second-order regime, irrelevant of the optical polar-
ization direction. Whereas the rotating Higgs mode is
optically inactive, we show that this mode responds to
magnetic field in the linear regime, suggesting a possible
detection by magnetic resonance experiment in the pseu-
dogap phase. It is interesting to find that the charge-
neutral rotating Higgs mode, which does not manifest
itself in the electric measurement, generates a thermal
Hall current by magnetic field in the presence of temper-
ature gradient in pseudogap phase, providing a unique
scheme for its detection.
2Hamiltonian.—We begin our analysis with a free two-
dimensional BCS-like Hamiltonian
H =
∑
k,s=↑,↓
ξkc
†
kscks −
∑
kk′
gkk′c
†
k↑c
†
−k↓c−k′↓ck′↑, (1)
where ξk = εk − µ and εk = k
2/(2m) with m and µ
being the effective mass and chemical potential, respec-
tively; gkk′ denotes the pairing interaction. The order
parameter is determined by ∆k0 = −
∑
k′
gkk′〈c−k′↓ck′↑〉.
This leads to the Bogoliubov quasiparticle energy Ek =√
ξ2k +∆
2
k0. In the present analysis, we approximately
take the pairing interaction gkk′ around the Fermi surface
(i.e., k = k′ = kF ) so that the order parameter only has
angular dependence of the momentum. In the presence of
the translational and time-reversal symmetries [29], the
pairing interaction gkk′ =
∑
m=0Dm cosm(θk− θk′) where
θk denotes the angle of k vector. For d-wave supercon-
ductivity, D2 channel dominates, i.e.,
gkk′≈D2 cos 2(θk − θk′). (2)
However, gkk′ here exhibits the rotational symmetry of
the polar axis in momentum space, and thus, can not
determine the direction of the order parameter. This
direction, as recent experiment reported [26], also de-
taches from that of lattice. The practical formation of
the d-wave order parameter with a certain direction thus
spontaneously breaks the rotational symmetry. With-
out losing generality, we choose dx2−y2 order parameter
for analysis, i.e., ∆k0 = ∆0 cos 2θk. As this finite or-
der parameter in high-Tc superconductors persists up to
T ∗, which is well above Tc [21–25], our calculation of its
amplitude fluctuation in the following can be applied not
only in superconducting phase but also in pseudogap one.
GIKE approach.—To calculate the Higgs mode, we
use the GIKE approach [27, 28], which has been suc-
cessfully applied to study collective modes and their
electromagnetic properties in conventional superconduc-
tors [28]. In this microscopic approach, the response of
system is described by density matrix ρk = ρ
(0)
k +δρk(R)
in Nambu space, which consists of the equilibrium part
ρ
(0)
k =
1
2
− 1−2f(Ek)
2
( ξk
Ek
τ3 +
∆k0
Ek
τ1) and nonequilibrium
one δρk(R). Here, f(x) = 1ex/T+1 denotes the Fermi-
distribution function with T being the temperature; τi
are Pauli matrices in particle-hole space; R = (t,R) rep-
resents the center-of-mass (CM) coordinate. The off-
diagonal components of ρk self-consistently determine
the order parameter:
∆ˆk(R) = [∆k0 + δ∆k(R)]e
iδθ(R)τ+ + h.c.
= −
∑
k′
gkk′(ρk′+τ+ + h.c.), (3)
where ρki stands for the τi component of ρk; δ∆k and δθ
denote the amplitude and phase fluctuations of the order
parameter, respectively.
To determine the nonequilibrium property/fluctuation,
one needs to solve δρk from the GIKE
∂tρk + ∂tρk
∣∣
coh
+ ∂tρk
∣∣
diff
+ ∂tρk
∣∣
dri
= ∂tρk
∣∣
scat
. (4)
The coherent terms are given by
∂tρk
∣∣
coh
= i
[(
ξk+eφ+µH+
e2A2
2m
)
τ3+ ∆ˆk(R), ρk
]
, (5)
where φ and A stand for the scalar and vector potentials,
respectively; µH(R) =
∑
R′ VR−R′δn(R
′) describes the in-
duced scalar potential by the density fluctuation δn(R′),
with VR−R′ being the Coulomb potential.
The drive terms by electromagnetic fields read
∂tρk
∣∣
dri
= 12{eEτ3 − (∇R−2ieAτ3)∆ˆk(R), ∂kρk}
−
i
8 [(∇R−2ieAτ3)(∇R−2ieAτ3)∆ˆk(R), ∂k∂kρk]
+
k×eB
4m [τ3, τ3∂kρk]+
k×eB
2m {τ3, τ3∂kρk}, (6)
with the electric field eE = −∇R(eφ+µH)−∂teA and mag-
netic field B =∇R×A. By the Meissner effect, the mag-
netic field B is expelled from superconductor in super-
conducting phase. Whereas in pseudogap phase where
the superfluid density vanishes, B can be applied. Here,
we consider a perpendicular B to the conducting layer.
The diffusion terms due to spatial inhomogeneity read
∂tρk
∣∣
diff
={ k2m τ3,∇Rρk}−e[
∇R◦A
4m , τ3ρk]−
i
4 [ε∇Rτ3, ρk], (7)
with ∇R ◦A = (2A ·∇R+∇R ·A)τ3. The lengthy scat-
tering terms ∂tρk|scat are presented in the Supplemental
Material [see Eq. (S7) [30]].
Calculation of Higgs modes.—The phase fluctuation in
Eq. (3) enlarges the difficulty to solve δρk from Eq. (4),
but it can be effectively removed by unitary transforma-
tion ρk(R) → eiτ3δθ(R)/2ρk(R)e−iτ3δθ(R)/2 [see Supplemen-
tal Material, Eq. (S3) [30]]. Then, for weak probe, by
expanding δρk = δρ
(1)
k + δρ
(2)
k with δρ
(1)
k and δρ
(2)
k being
the first and second order responses to external probe,
the GIKE becomes a chain of equations, as its first order
only involves δρ(1)k and equilibrium ρ
(0)
k and its second or-
der involves δρ(2)k , δρ
(1)
k and ρ
(0)
k . Consequently, starting
from the lowest order, we calculate δρ(1)k and δρ
(2)
k in se-
quence, whose lengthy expressions are presented in the
Supplemental Material [see Eqs. (S16) and (S28) [30]].
Then, we can finally determine the Higgs modes. Par-
ticularly, Eq. (3) after above unitary transformation has
variation ∆k0+δ∆k =−
∑
k′
gkk′ρk′1, from which by the
solved δρk we can self-consistently obtain Higgs mode
δ∆k = −
∑
k′
gkk′δρk′1. (8)
By further considering gkk′ in Eq. (2), the Higgs mode
δ∆k(R) = δ∆B(R) cos(2θk) + δ∆R(R) sin(2θk), (9)
3consists of breathing δ∆B(R) and rotating δ∆R(R) parts.
Breathing Higgs mode.—In CM frequency and momen-
tum space [R = (t,R) → q = (ω,q)], we find the optical
response of the breathing Higgs mode at weak scattering
(for details, see Supplemental Material [30])
(
ω2B − ω
2
)
δ∆B(q) =
(eEq · iq
m
)
8uω∆0 + v
2
F
[
2
iωH
(eEq
iωP
)
· eEq + 2
(eEq
iωP
)
· eAq + e
2A2q
]
∆0dω , (10)
where AqBq =
∫
dq′Aq′Bq−q′ ; iωP = iω + Γp and iωH =
iω+ΓH , with Γp (ΓH) being the relaxation rate of nonequi-
librium δρk0 (δρk±) from the scattering; the energy spec-
trum
ωB = 2∆0
√∑
k
cos4(2θk)akzωB,k∑
k
cos2(2θk)akzωB,k
, (11)
with ak =
1−f(Ek)
2Ek
and zω,k = 14E2
k
−ω2
; uω and dω are
the dimensionless coefficients for the linear and second-
order responses [see Supplemental Material, Eqs. (S31)
and (S32) [30]], respectively.
In this response function, it is first noted from the left-
hand side that due to the lower rotational symmetry for
the d-wave order parameter [i.e., cos4(2θk) ≤ cos2(2θk)
in Eq. (11)], the energy spectrum of its breathing Higgs
mode ωB < 2∆0, in contrast to the s-wave case where
the Higgs-mode energy appears at 2∆0. Particularly,
through a numerical calculation of Eq. (11), we find
ωB ∼ 1.7∆0 for a wide range of parameter choice (T
and ∆0). Furthermore, the first term on the right-hand
side of Eq. (10) denotes the linear response, which van-
ishes in the long-wavelength limit (q = 0) as it should be
for the charge-neutral mode. The second term, i.e., the
second-order response, which originates from the drive
terms [Eq. (6)], is finite at q = 0, similar to the s-wave
case [28]. Particularly, this response is totally irrelevant
of optical polarization direction, consistent with the ex-
perimental finding [18]. This actually is very natural
considering the fact that the optical field in the long-
wavelength limit is unaware of the relative momentum of
the pairing electrons (i.e., pairing symmetry).
In the optical detection, for the case with the multi-
cycle terahertz pulse which possesses a stable phase as
well as a narrow frequency bandwidth, one approximately
has Eq, Aq ∼ δ(ω−Ω)δ(q), and then, from Eq. (10), δ∆B
in the time domain becomes
δ∆B(t) =
e2v2F
[
A2Ω+
2EΩAΩ
iΩP
+
2E2Ω
iΩP(i2Ω+ΓH)
]
d2Ω∆0e
2iΩt
ω2B−(2Ω)
2 , (12)
which oscillates at twice optical frequency and exhibits
a resonance at 2Ω = ωB, similar to the s-wave case but
with ωB < 2∆0. As for the case with a short terahertz
pulse which possesses the broad frequency bandwidth, no
pole emerges from the electromagnetic fields in Eq. (10).
In this circumstance, by neglecting the damping poles
from 1/ωP and 1/ωH, the residual poles in δ∆B(ω) come
from ±ωB, leading to an oscillating behavior of δ∆B(t)
at frequency ωB in the time domain.
Rotating Higgs mode.—We also find the optical re-
sponse of the rotating Higgs mode at weak scattering
(for details, see Supplemental Material [30])
[ω2R(q)− ω
2]δ∆R =
[ (iq× eEq) · z
m
]
(2∆0)sω , (13)
where sω is the dimensionless response coefficient [see
Supplemental Material, Eq. (S33) [30]]; the energy spec-
trum
ωR(q) =
√
m2R + q
2v2F z/4, (14)
with
m2R =
∆20
∑
k
sin2(4θk)[−∂Ekf(Ek)]/E
2
k∑
k sin
2(2θk)ξ2kak/E
4
k
, (15)
and z = [
∑
k sin
2(2θk)ξk∂
2
ξk
(ξkak)/E
2
k
]/[
∑
k sin
2(2θk)ξ
2
kak/E
4
k
].
Then, it is found that the energy spectrum of the ro-
tating Higgs mode ωR exhibits an excitation gap mR
[m2R ∝ |∂Ekf(Ek)|] in the long-wavelength limit, which
vanishes at T = 0 K but becomes finite at T 6= 0. This
can be understood as follows. The rotating Higgs mode
here is in fact a Goldstone boson due to the spontaneous
breaking of the rotational symmetry by the formation of
the d-wave order parameter [31], and hence, is gapless at
T = 0 K according to the Goldstone theorem [5]. Whereas
at finite temperature, due to the interaction with the
thermally excited Bogoliubov quasiparticle, the rotating
Higgs mode acquires a finite excitation gap, and thus,
does not violate the Mermin-Wagner theorem which rules
out the long-range order (gapless excitation) at T 6= 0 in
two-dimensional systems. In addition, the energy dis-
persion of the rotating Higgs mode exhibits the s-wave
structure, which is because the collective excitation in
the long-wavelength limit is unaware of the pairing sym-
metry. The linear optical response, i.e., the right-hand
side of Eq. (13), vanishes in the long-wavelength limit
(q = 0) as this mode is charge neutral. Moreover, no
second-order optical response is found in our calculation.
Consequently, the rotating Higgs mode is in fact optically
invisible, in contrast to the breathing one.
4Actually, the finite response of the rotating Higgs
mode, in principle, needs the chiral-symmetry breaking,
which can be achieved by the magnetic field. Specifi-
cally, in the pseudogap phase, considering the case with
magnetic field, we find the response of the rotating Higgs
mode (for details, see Supplemental Material [30])
[ω2R(q)− ω
2]δ∆R = −
eBz,q
m
∆30
iωH
c1, (16)
with c1 being the response coefficient [see Supplemental
Material, Eq. (S34) [30]]. Then, it is observed that the
rotating Higgs mode responds to magnetic field in the
linear regime as expected, directly suggesting its possible
detection by magnetic resonance measurement.
Finally, we show an interesting property of the rotat-
ing Higgs mode. Inspired by recent experiment where a
negative thermal Hall signal contributed by unidentified
charge-neutral excitation is discovered in the pseudogap
phase of cuprate superconductors [32], we calculate the
thermal response of the rotating Higgs mode. Specifi-
cally, in the presence of both temperature gradient and
magnetic field in the pseudogap phase, we find (for de-
tails, see Supplemental Material [30])
(ω2R−ω
2)δ∆R=
εq(∇RT×iq)·z
2m
∆20∂T∆0
iωHiωP
c2−
eBz∆
3
0
iωHm
c1,
(17)
with c2 being the corresponding response coefficient [see
Supplemental Material, Eq. (S35) [30]]. The first term
on the right-hand side of above equation, by tempera-
ture gradient of the order parameter ∂T∆0, provides a
transverse drive effect on the rotating-Higgs-mode exci-
tation. Nevertheless, this term alone does not provide
any finite thermal current due to the chiral symmetry
[after chiral transformation δ∆R → −δ∆R, momentum
q in Eq. (17) changes sign]. The magnetic field, i.e.,
second term on the right-hand side, breaks this symme-
try, and a finite thermal Hall current can therefore be
achieved. To calculate this current, we define the bosonic
field φq(t) = δ∆R(t,q)/D with D being the scale param-
eter, and construct its Lagrangian from the equation of
motion [Eq. (17)]:
L = |∂tφq(t)|
2 − ω2R|φq(t)|
2 + [Mqφ
∗
q(t) + h.c.]. (18)
Here,Mq = Fq,ωB/D with Fq,ω labeling the terms on the
right-hand side of Eq. (17), in which we have neglected
the trivial damping pole by taking ω as ωR. It is noted
that the Lagrangian in Eq. (18) is a typical Klein-Gordon
one in the field theory [33]. Therefore, within the stan-
dard path integral method (for details, see Supplemental
Material [30]), a finite thermal Hall current density, in-
duced by the rotating Higgs mode, is directly derived:
jE =
(∇RT × eB)
2mT
(
λR∆0∂T∆0
)
, (19)
where λR =
∑
q
zv2F
4ωR
c2c2ε
2
q∆
4
0
D2(Γ2
H
+ω2
R
)(Γ2p+ω
2
R
)
[ 2nR+1
2ωR
− ∂nR
∂ωR
] with
nR =
1
eωR/T−1
being the Bose-distribution function. We
emphasize this thermal Hall current, induced by the
charge-neutral rotating Higgs mode, is totally different
from the conventional thermal Hall current for electronic
carriers which is generated by Lorentz force. The cur-
rent here is generated due to temperature gradient of the
order parameter and chiral-symmetry breaking by mag-
netic field as mentioned above. Particularly, due to the
negative sign in ∂T∆0, the thermal Hall current here pos-
sesses the opposite sign to the conventional one.
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FIG. 1: (Color online) Temperature dependence of kxy/T
from numerical calculation of Eq. (19) with ∆0 = γ(T
∗−T )α.
In the calculation, we choose a case in the overdoped regime
which is far from the antiferromagnetic phase. T ∗ = 57 K.
Other used parameters can be found in the Supplemental Ma-
terial (see Table SI [30]).
The temperature dependence of the thermal Hall con-
ductivity [kxy = jE/(t∇RT ) with t being the thickness of
the single layer in cuprate superconductors] requires the
specific behavior of the ground state (i.e., pairing inter-
action) to obtain ∆0(T ), and this goes beyond the scope
of present analysis. Nevertheless, in Eq. (19), with the
increase of T from 0 to T ∗, nR increases, whereas the
order parameter part ∆0∂T∆0, in general, drops slowly
at the beginning and then rapidly near Tc. Thus, a peak
behavior in the temperature dependence of |kxy| can be
expected. To justify this analysis, we approximately take
∆0 ∼ (T
∗ − T )α and perform a numerical calculation of
Eq. (19). The numerical results for different α are plotted
in Fig. 1. As expected, with the increase of temperature
from T = 0 K, |kxy/T | first increases and then decreases,
leading to a peak behavior observed around T = 12 K.
The experimental finding in the pseudogap phase so far
lies in the regime with T≥14 K and only the decrease
of |kxy/T | is observed [32]. In this regime, the exper-
imentally observed linear dependence on magnetic field
and temperature dependence as well as negative sign of
kxy/T in the pseudogap phase show good agreement with
our results. Therefore, we conjecture that the experi-
mentally observed unidentified charge-neutral excitation
5in the pseudogap phase [32] is the rotating Higgs mode.
It is noted that notwithstanding the fact that our com-
putation in Fig. 1 extends to T = 0 K, our result is valid
only in the pseudogap regime with Tc < T < T
∗.
In conclusion, within the GIKE approach, we have ana-
lytically derived the energy spectra of both breathing and
rotating Higgs modes of the d-wave order parameter for
the first time. Then, investigations on their rich dynamic
properties have been carried out. Particularly, for the
unique rotating Higgs mode in d-wave superconductors,
it is interesting to find that with longitudinal tempera-
ture gradient in pseudogap phase, by magnetic field, this
charge-neutral mode generates a thermal Hall current,
which is likely to capture recent experimental finding in
pseudogap phase of cuprate superconductors [32].
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Theory of Higgs modes in d-wave superconductors
Supplement material
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I. GAUGE-INVARIANT KINETIC EQUATION
We first emphasize that by performing the gauge transformation ρk(R)→ e−iτ3χ(R)ρk(R)eiτ3χ(R), the GIKE [Eq. (4)
in the main text] is gauge-invariant under the gauge transformation first revealed by Nambu1:
eAµ → eAµ − ∂µχ(R), (S1)
δθ(R) → δθ(R) + 2χ(R), (S2)
where the four vectors Aµ = (φ,A) and ∂µ = (∂t,−∇R).
Therefore, we can make the unitary transformation ρk(R)→ eiτ3δθ(R)/2ρk(R)e−iτ3δθ(R)/2 mentioned in the main text,
and the GIKE becomes
∂tρk+i
[
(ξk+µeff) τ3+∆kτ1+
ε∇R
4
τ3, ρk
]
+
{ k
2m
τ3,∇Rρk
}
−
[ps◦∇R
8m
, τ3ρk
]
+
1
2
{eEτ3−(∇R+ipsτ3)∆kτ1, ∂kρk}
−
i
8
[(∇R+ipsτ3)(∇R+ipsτ3)∆kτ1, ∂k∂kρk]+
k× eB
4m
[τ3, τ3∂kρk]+
k×eB
2m
{τ3, τ3∂kρk} =∂tρk
∣∣∣
scat
, (S3)
where ∆k = ∆k0 + δ∆k; the gauge-invariant ps = ∇Rδθ − 2eA and µeff = ∂tδθ/2 + eφ+ µH + p2s/(8m). It is noted that
in Eq. (S3), the phase fluctuation is effectively removed from the order parameter and manifests itself by ps and µeff .
Moreover, after the transformation, the equation of the order parameter [Eq.(3) in the main text] becomes∑
k′
gkk′ρk′1 = −∆k, (S4)
∑
k′
gkk′ρk′2 = 0. (S5)
Equation (S4) gives the gap equation and hence the Higgs mode. Whereas Eq. (S5) determines the phase fluctuation
as revealed in our previous work3. We emphasize that the calculation of the amplitude fluctuations is irrelevant of
the phase fluctuation, since they represent mutually orthogonal excitations and hence are decoupled.
It can be demonstrated that the charge conservation is satisfied in the GIKE approach for d-wave superconductivity
in clean limit (∂tρk|scat = 0). The gauge-invariant density and current read
2,3 n =
∑
k(1+2ρk3) and j =
∑
k
(
ek
m ρk0
)
,
respectively. By taking the summation of the τ3 component of Eq. (S3) over k, one has
∂t(
∑
k
ρk3) +∇R ·
(∑
k
k
m
ρk0
)
=
∑
k
2∆kρk2. (S6)
By using Eqs. (S4) and (S5), the right-hand side of above equation
∑
k
2∆kρk2 = −
∑
kk′
2(gkk′ρk′1)ρk2 =
−
∑
kk′ ρk′1(2gk′kρk2) = 0 in which we have substituted gkk′ = gk′k. Then, we immediately obtain the charge conser-
vation ∂tδn +∇R · j = 0. The charge conservation of the gauge-invariant kinetic theory is natural, since it has been
proved long time ago by Nambu via the generalized Ward identity that the gauge invariance in the superconducting
states is equivalent to the charge conservation1.
II. SCATTERING
We next present the scattering terms ∂tρk|scat in Eq. (S3). Since the electron-phonon scattering is weak at low
temperature, we mainly consider the electron-impurity scattering. The specific impurity scattering terms, extending
to d-wave superconductivity from the s-wave case4, are written as
∂tρk
∣∣∣
scat
= −[Sk(>,<)− Sk(<,>) + h.c.], (S7)
2with
Sk(>,<) = ni
∑
k′
∫ t
−∞
dt′Vk−k′τ3e
i(t′−t)Hˆk′ [1− ρk′(t
′)]Vk′−kτ3ρk(t
′)e−i(t
′−t)Hˆk . (S8)
Here, ni is the impurity density and Vk−k′ stands for the electron-impurity interaction; Hˆk = ξk+τ3ps,iτ3 + ∆k0τ1
denotes the BCS-like Hamiltonian in the presence of the intrinsic phase fluctuation δθi. ps,i =∇Rδθi.
It is noted that this scattering term is non-Markovian. In order to turn this non-Markovian scattering into the
Markovian one for further calculation, one needs to carefully handle the Markovian approximation in a variety of
situations of the external probe, as the previous work for s-wave superconductivity revealed4. However, in high-Tc
superconductors, there exists large intrinsic phase fluctuation δθi in the pseudogap phase. The specific behaviors of
this fluctuation is still unclear in the literature, making it hard to rigorously calculate the scattering effect here. In
the present analysis, we take the relaxation-time approximation:
∂tρk
∣∣∣
scat
= −Γpδρk0τ0 − ΓHδρk−τ− − ΓHδρk+τ+, (S9)
in which the τ3 component of the scattering terms is ruled out by the charge conservation in the impurity scattering.
Here, Γp (ΓH) denotes the relaxation rate of the nonequilibrium δρk0 (δρk±). We emphasize that in the main text,
the scattering term/effect is added only for completeness. It plays an insignificant role in our results, since we focus
on the excitation and response to external probe.
III. SOLUTION OF GIKE
Considering a weak probe, we take the expansion δρk = δρ
(1)
k + δρ
(2)
k with δρ
(1)
k and δρ
(2)
k being the first and second
order responses to the external probe.
A. Linear response
The first-order GIKE reads
∂tδρ
(1)
k +i[Ξkτ3+∆k0τ1, δρ
(1)
k ]+i[µ
(1)
eff τ3+δ∆
(1)
k τ1, ρ
(0)
k ]+
1
2
{vkτ3,∇RT∂Tρ
(0)
k +∇Rδρ
(1)
k }+
1
8m
[∇R ·psτ3, τ3ρ
(0)
k ]
+
1
2
{eEτ3, ∂kρ
(0)
k }−
1
2
{∇RT∂T∆k0τ1+∇Rδ∆
(1)
k τ1−psτ2∆k0, ∂kρ
(0)
k }−
i
8
[∇R∇Rδ∆
(1)
k τ1−∇Rps∆k0τ2, ∂k∂kρ
(0)
k ]
+
1
4
(vk×B)[τ3, τ3∂kρ
(0)
k ]+
1
2
(vk×B){τ3, τ3∂kρ
(0)
k } =−Γpδρ
(1)
k0 τ0−ΓHδρ
(1)
k−τ−−ΓHδρ
(1)
k+τ+, (S10)
where Ξk = ξk−ε∇R/4 and vk = k/m; µ
(1)
eff and δ∆
(1)
k are corresponding first-order parts in µeff and δ∆k, respectively.
In CM frequency and momentum space [R = (t,R)→ q = (ω,q)], the components of Eq. (S10) are given by
(iω + Γp)δρ
(1)
k0 = −vk ·∇RT∂Tρ
(0)
k3 + ivk ·qδρ
(1)
k3 − iq·∂kρ
(0)
k1 δ∆
(1)
k + ∂T∆k0∇RT ·∂kρ
(0)
k1 − eEq ·∂kρ
(0)
k3 , (S11)
iωδρ
(1)
k3 = 2∆k0δρ
(1)
k2 + ivk ·qδρ
(1)
k0 + iqpsq∆k0/4 : ∂k∂kρ
(0)
k1 − (vk×Bq)·∂kρ
(0)
k3 , (S12)
(iω + ΓH)δρ
(1)
k1 = −2Ξkδρ
(1)
k2 − iqpsq∆k0/4 : ∂k∂kρ
(0)
k3 − (vk×Bq)·∂kρ
(0)
k1 /2 + iq·psqρ
(0)
k1 /(4m), (S13)
(iω + ΓH)δρ
(1)
k2 = −2∆k0δρ
(1)
k3 + 2Ξkδρ
(1)
k1 − 2ρ
(0)
k3 δ∆
(1)
k + 2ρ
(0)
k1 µ
(1)
eff − qqδ∆
(1)
k /4 : ∂k∂kρ
(0)
k3 . (S14)
Since the longitudinal vector potential does not exist in either optical response or static magnetic response, one finds
iq · psq = −q
2δθq + iq · 2eAq = −q
2δθq, which in the long-wavelength limit can be neglected. Then, substituting
Eqs. (S11)-(S13) into Eq. (S14), one has
[4Ξ2k + 4(∆k0)
2 + (iωH)
2]δρ
(1)
k2 + 2∆k0δρ
(1)
k3
[
ΓH +
(vk ·q)
2
ωP
]
= −
2∆k0
ωP
(vk ·q)[∂T∆k0∇RT · ∂kρ
(0)
k1 − vk ·∇RT∂Tρ
(0)
k3
− i(q · ∂k)ρ
(0)
k1 δ∆
(1)
k − eEq ·∂kρ
(0)
k3 ]−
∆k0
2
iqpsq : (∆k0∂k∂kρ
(0)
k1 + Ξk∂k∂kρ
(0)
k3 ) + (vk×B) · (2∆k0∂kρ
(0)
k3 − Ξk∂kρ
(0)
k1 )
− 2ρ
(0)
k3 iωHδ∆
(1)
k + 2ρ
(0)
k1 iωHµ
(1)
eff −
1
4
qqiωHδ∆
(1)
k : ∂k∂kρ
(0)
k3 . (S15)
3Considering the weak scattering and long-wavelength case (∆0 > ΓH , vkq), we neglect the scattering and CM mo-
mentum part on the left-hand side of the above equation. Then, one immediately obtains the solution of δρ
(1)
k2 , from
which δρ
(1)
k1 by Eq. (S13) is derived:
iωHδρ
(1)
k1 = −iωHδ∆
(1)
k H
(0)
k + E
(1)
k − P
(1)
k . (S16)
Here, P
(1)
k = 4Ξkzω,kiωHρ
(0)
k1 µ
(1)
eff ; H
(0)
k and E
(1)
k read
H
(0)
k = −4Ξkzω,kρ
(0)
k3 −Ξkzω,kqq : ∂k∂kρ
(0)
k3 /2−4∆k0Ξkzω,k(vk ·q)(q · ∂k)ρ
(0)
k1 /(iωPiωH), (S17)
E
(1)
k = Ξkzω,k
{
4∆k0(vk ·q)/ωP[∇RT · (∂T∆k0∂kρ
(0)
k1 −vk∂Tρ
(0)
k3 )−eEq ·∂kρ
(0)
k3 ]+iqpsq∆k0 : (∆k0∂k∂kρ
(0)
k1
+Ξk∂k∂kρ
(0)
k3 )−2(vk×B) · (2∆k0∂kρ
(0)
k3 −Ξk∂kρ
(0)
k1 )
}
− iqpsq∆k0/4 : ∂k∂kρ
(0)
k3 − (vk×Bq)·∂kρ
(0)
k1 /2.(S18)
Finally, from Eqs. (8) and (9) in the main text, the breathing and rotating Higgs modes are derived:
iωHδ∆
(1)
B /D2 = −iωH
∑
k
cos(2θk)δρ
(1)
k1 = iωHδ∆
(1)
B
∑
k
cos2(2θk)H
(0)
k −
∑
k
cos(2θk)E
(1)
k , (S19)
iωHδ∆
(1)
R /D2 = −iωH
∑
k
sin(2θk)δρ
(1)
k1 = iωHδ∆
(1)
R
∑
k
sin2(2θk)H
(0)
k −
∑
k
sin(2θk)E
(1)
k , (S20)
where we have taken care of the particle-hole symmetry to remove terms with the odd order of ξk in the summation
of k. From Eq. (S4) in equilibrium state, one has
1
D2
=
∑
k
cos2(2θk)
1− 2f(Ek)
2Ek
, (S21)
and its equivalent variation [see Eq. (S37) in the following section]
1
D2
=
∑
k
sin2(2θk)
[ ξ2k
E2k
1− 2f(Ek)
2Ek
−
∆2k0
E2k
∂Ekf(Ek)
]
. (S22)
Substituting Eqs. (S21) and (S22) into Eqs. (S19) and (S20) respectively, we obtain the linear responses of the
breathing and rotating Higgs modes to the external probe in the main text. Particularly, for optical response, E 6= 0,
A 6= 0, B ≈ 0 and ∇RT = 0; for magnetic response, E = 0, A 6= 0, B 6= 0 and ∇RT = 0; for thermal-Hall
investigation, E = 0, A 6= 0, B 6= 0 and ∇RT 6= 0.
B. Second-order response
In second-order regime, we only focus on the optical response in long-wavelength limit (q = 0) where δ∆
(1)
k vanishes.
Then, the second-order GIKE reads
∂tδρ
(2)
k +i[ξkτ3+∆k0τ1, δρ
(2)
k ]+i[µ
(2)
eff τ3+δ∆
(2)
k τ1, ρ
(0)
k ]+
1
2
{eEτ3+ps∆k0τ2, ∂kρ
(1)
k }+
i
8
[psps∆k0τ1, ∂k∂kρ
(0)
k ] = ∂tρk|
(2)
scat,
(S23)
where ∂tρk|
(2)
scat = −Γpδρ
(2)
k0 τ0−ΓHδρ
(2)
k−τ−−ΓHδρ
(2)
k+τ+; µ
(2)
eff and δ∆
(2)
k are corresponding second-order parts in µeff
and δ∆k, respectively. In CM frequency and momentum space [R = (t,R) → q = (ω,q)], with the linear solution
δρ
(1)
k = −[eEq ·∂kρ
(0)
k3 /(iωP)]τ0 in the long-wavelength limit for optical response [see Eqs. (S11)-(S14)], the components
of Eq. (S23) are given by
iωPδρ
(2)
k0 = 0, (S24)
iωδρ
(2)
k3 = 2∆k0δρ
(2)
k2 − eEq ·∂kδρ
(1)
k0 , (S25)
iωHδρ
(2)
k1 = −2ξkδρ
(2)
k2 , (S26)
iωHδρ
(2)
k2 = 2(ξkδρ
(2)
k1 −∆k0δρ
(2)
k3 − ρ
(0)
k3 δ∆
(2)
k + ρ
(0)
k1 µ
(2)
eff )− psqpsq∆k0/4 : ∂k∂kρ
(0)
k3 −∆k0psq ·∂kδρ
(1)
k0 . (S27)
4In analogy to above derivation of linear response, one can straightforwardly obtain the solution of δρ
(2)
k2 :
δρ
(2)
k1 = −2ξkzω,k(2ρ
(0)
k1 µ
(2)
eff − 2ρ
(0)
k3 δ∆
(2)
k )− 2ξkY
(2)
k , (S28)
with Y
(2)
k = zω,k∆k0
(
2
iωH
eEq ·∂kδρ
(1)
k0 −AqAq : ∂k∂kρ
(0)
k3 + 2Aq ·∂kδρ
(1)
k0
)
.
From Eq. (S26) as well as Eqs. (8) and (9) in the main text, the breathing and rotating Higgs modes are derived:
δ∆
(2)
B /D2 = −
∑
k
cos(2θk)δρ
(2)
k1 = −δ∆
(2)
B
∑
k
cos2(2θk)4ξkzω,kρ
(0)
k3 +
∑
k
cos(2θk)2ξkY
(2)
k , (S29)
δ∆
(2)
R /D2 = −
∑
k
sin(2θk)δρ
(2)
k1 = −δ∆
(2)
R
∑
k
sin2(2θk)4ξkzω,kρ
(0)
k3 +
∑
k
sin(2θk)2ξkY
(2)
k , (S30)
where we have taken care of the particle-hole symmetry to remove terms with the odd order of ξk in the summation
of k. Substituting Eqs. (S21) and (S22) into Eqs. (S29) and (S30) respectively, we obtain the second-order optical
responses of the breathing and rotating Higgs modes. Particularly, the last term in Eq. (S30) is zero after the
summation of θk, indicating the vanishing second-order optical response of the rotating Higgs mode.
The corresponding response coefficients in the main text are given by
uω =
∑
k ξ
2
k cos
2(2θk)zω,k∂ξk(ξkak)
ωPωH
∑
k cos
2(2θk)zω,kak
, (S31)
dω =
∑
k ξk cos
2(2θk)zω,k∂
2
ξk
(ξkak)∑
k cos
2(2θk)akzω,k
, (S32)
sω =
∆20
∑
k ξ
2
k/Ek sin
2(4θk)zω,k∂Ekak
iωPiωH
∑
k ξ
2
k/E
2
k sin
2(2θk)zω,kak
, (S33)
c1 =
∑
k sin
2(4θk)(ξk/E
2
k)
2
[
− 2∂Ekf(Ek)
]
∑
k sin
2(2θk)(ξk/E2k)
2ak
, (S34)
c2 =
∑
k sin
2(4θk)(1/Ek)
2∂∆k0(∆k0ak)∑
k 2 sin
2(2θk)(ξk/E2k)
2ak
. (S35)
IV. ROTATIONAL SYMMETRY
Equation (S4) in equilibrium state reads
∆k0 =
∑
k′
gkk′
∆k′0
Ek′
1− 2f(Ek′)
2
, (S36)
which exhibits the rotational symmetry of the polar axis of k. Then, in the above equation, by first replacing θk
and θk′ with θk − α and θk′ − α and then taking the derivative of α on both sides of the equation, one obtains an
equivalent variation of Eq. (S36) after setting α = 0:
∆0 sin(2θk) =
∑
k′
gkk′∆0 sin(2θk′)
[ ξ2k′
E2k′
1− 2f(Ek′)
2Ek′
−
∆2k′0
E2k′
∂Ek′ f(Ek′)
]
. (S37)
V. THERMAL HALL CURRENT
From the Lagrangian of the bosonic field φq(t) [Eq. (18) in the main text], one has the action
S =
∫
dt
∫
dqL(φq, φ
∗
q, ∂tφq, ∂tφ
∗
q). (S38)
Considering the variation δφ∗qS = 0, one obtains
0 =
∫
dt
∫
dq
[ ∂L
∂φ∗q
δφ∗q +
∂L
∂(∂tφ∗q)
δ(∂tφ
∗
q)
]
=
∫
dt
∫
dq
{ ∂L
∂φ∗q
δφ∗q − ∂t
[ ∂L
∂(∂tφ∗q)
]
δφ∗q + ∂t
[ ∂L
∂(∂tφ∗q)
δφ∗q
]}
. (S39)
5The last term vanishes since δφq is zero at temporal beginning and end. Then, we arrive the Euler-Lagrange equation
of motion ∂t
[
∂L
∂(∂tφ∗q)
]
− ∂L∂φ∗q
= 0. Substituting the specific Lagrangian [Eq. (18) in the main text] into this equation,
one recovers Eq. (17) in the main text.
To calculate the thermal property of the bosonic field, we map the action in Eq. (S38) into the imaginary-time one5
and then obtain
S =
∫ β
0
dτ
∫
dq[φ∗q(τ)D
−1(τ, q)φq(τ) +M
∗
qφq(τ) +Mqφ
∗
q(τ)], (S40)
where β = 1/T and the Green function D(τ, q) = [∂2τ − ω
2
R(q)]
−1. Then, following the standard generating functional
method within the path integral approach6, the thermal current density is written as
jE = T/Z0
∫ β
0
dτ ′
∑
q′
ωR(q
′)vq′〈|φ
∗
q′(τ
′)φq′(τ
′)e−S |〉
= T/Z0
∫ β
0
dτ ′
∑
q′
ωR(q
′)vq′〈|δJ∗
q′
δJq′ e
−
∫
β
0
dτ
∫
dq[φ∗q(τ)D
−1(τ,q)φq(τ)−J¯qφq(τ)−J¯
∗
qφ
∗
q(τ)]|〉
∣∣
J=J∗=0
= T/Z0
∫ β
0
dτ ′
∑
q′
ωR(q
′)vq′δJ∗
q′
δJq′
{∫
DφqDφ
∗
qe
−
∫
β
0
dτ
∫
dq[φ∗q(τ)D
−1(τ,q)φq(τ)−J¯qD(τ,q)J¯
∗
q ]
}∣∣∣
J=J∗=0
= T
∫ β
0
dτ ′
∑
q′
ωR(q
′)vq′δJ∗
q′
δJq′ e
Tr[J¯qD(τ,q)J¯
∗
q ]
∣∣
J=J∗=0
[
e−Tr{ln[D
−1(τ,q)]}/Z0
]
= T
∫ β
0
dτ ′
∑
q′
ωR(q
′)vq′δJ∗
q′
δJq′ e
Tr[J¯qD(τ,q)J¯
∗
q ]
∣∣
J=J∗=0
. (S41)
where J¯q = Jq−M
∗
q with Jq being the generating functional; δJq denotes the functional derivative; Z0 stands for the
partition function and vq = ∂qωR(q) represents the group velocity. In Matsubara frequency space, considering the
weak external probe, the above equation becomes
jE =
∑
n,q
ωRvqM
∗
qMq
[(iωn)2 − ω2R]
2
exp
[ 1
β
∑
n′,q′
M∗q′Mq′
(iωn′)2 − ω2R
]
≈
∑
n,q
ωRvqM
∗
qMq
[(iωn)2 − ω2R]
2
=
(∇RT × eB)
mT
(∆0
D
)2 ∂T∆0
2
∑
q
c1c2zv
2
F ε
2
q
4∆0
∆20
Γ2H + ω
2
R
∆20
Γ2p + ω
2
R
T
∑
n
2ωR
[(iωn)2 − ω2R]
2
. (S42)
Then, after the summation of the Matsubara frequency5, Eq. (19) in the main text is obtained.
TABLE SI: Parameters used in the numerical calculation of Eq. (19) in the main text. Noted that m0 stands for the free
electron mass. γ is obtained by fitting E0 = ∆0(T = 0). D reflects the amplitude of the fluctuation δ∆R. We choose the case
in the overdoped regime which is far from the antiferromagnetic phase.
m/m0 5
a EF (meV) 50
b E0 (meV) 2
c T ∗ (K) 57d
Γp/E0 0.2 ΓH/E0 0.1 D/E0 0.02 t (nm) 1.3
e
a Ref. 7. b Ref. 8. c Ref. 9. d Ref. 10. e Ref. 11.
1 Y. Nambu, Phys. Rev. 117, 648 (1960).
2 F. Yang and M. W. Wu, Phys. Rev. B 98, 094507 (2018).
3 F. Yang and M. W. Wu, Phys. Rev. B 100, 104513 (2019).
4 F. Yang and M. W. Wu, arXiv:1907.01548.
5 A. A. Abrikosov, L. P. Gor’kov, and I. E. Dzyaloshinski, Methods of Quantum Field Theory in Statistical Physics (Prentice
Hall, Englewood Cliffs, 1963).
6 M. E. Peskin and D. V. Schroeder, An Introduction to Quantum Field Theory (Addison-Wesley, New York, 1995).
67 Y. J. Uemura, G. M. Luke, B. J. Sternlieb, J. H. Brewer, J. F. Carolan, W. N. Hardy, R. Kadono, J. R. Kempton, R. F.
Kiefl, S. R. Kreitzman, P. Mulhern, T. M. Riseman, D. Ll. Williams, B. X. Yang, S. Uchida, H. Takagi, J. Gopalakrishnan,
A. W. Sleight, M. A. Subramanian, C. L. Chien, M. Z. Cieplak, G. Xiao, V. Y. Lee, B. W. Statt, C. E. Stronach, W. J.
Kossler, and X. H. Yu, Phys. Rev. Lett. 62, 2317 (1989).
8 X. J. Zhou, T. Yoshida, A. Lanzara, P. V. Bogdanov, S. A. Kellar, K. M. Shen, W. L. Yang, F. Ronning, T. Sasagawa, T.
Kakeshita, T. Noda, H. Eisaki, S. Uchida, C. T. Lin, F. Zhou, J. W. Xiong, W. X. Ti, Z. X. Zhao, A. Fujimori, Z. Hussain,
and Z. X. Shen, Nature 423, 398 (2003).
9 T. Valla, A. V. Fedorov, J. Lee, J. C. Davis, and G. D. Gu, Science 314, 1914 (2006).
10 G. Grissonnanche, A. Legros, S. Badoux, E. Lefrancois, V. Zatko, M. Lizaire, F. Laliberte´, A. Gourgout, J. S. Zhou, S.
Pyon, T. Takayama, H. Takagi, S. Ono, N. D. Leyraud, and L. Taillefer, Nature 571, 376 (2019).
11 A. Gozar, G. Logvenov, L. F. Kourkoutis, A. T. Bollinger, L. A. Giannuzzi, D. A. Muller, and I. Bozovic, Nature 455, 782
(2008).
